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Abstract--A circular cylinder in a flow field with parabolic velocity distribution isstudied by perturbation. 
The resulting Poisson equation in terms of the disturbance stream function is solved by the finite element 
method. It appears that increased flow curvature can reduce the influence of the cylinder on the flow 
characteristics. 
INTRODUCTION 
An analysis of incompressible flow over a circular cylinder with parabolic velocity distribution at 
infinity can provide useful information about flows in the regions between detached shock waves 
and bodies, which are essentially subsonic. The problem of flow with a parabolic velocity 
distribution is encountered also in certain flows through ducts, diffusers etc. In these instances the 
effects of placing objects in the flow on the flow characteristics an be studied by applying the 
following analysis. 
Murray and Mitchell [1] consider the problem of variable shear flow past a circular cylinder. 
Jones [2] studies the elliptic cylinder in a flow with hyperbolic velocity distribution deducing the 
flow past a flat plate as a particular case. Nagamatsu [3] applies the perturbation technique to 
circular cylinder in a shear flow with parabolic velocity distribution. By treating the flow curvature 
parameter K as very small, he simplifies the analysis to solving the Laplace equation in terms of 
the disturbance stream function ~bl and obtains a closed-form solution in polar coordinates. Here 
we relax this approximation and apply the finite element method (FEM) to solve the resulting 
Poisson equation in ~'1. The solution obtained in this manner is compared with the earlier solution 
[3] for a few typical cases. A few interesting features are noticed. For the numerical method 
employed here it is well known that certain limits have to be placed on the actual domain 
investigated. This aspect is also examined by investigating domains of different sizes around the 
cylinder beyond which the flow is considered undisturbed. 
GOVERNING EQUATIONS 
Consider a circular cylinder of radius "a" placed in a steady, incompressible, non-viscous flow 
whose velocity distribution at very large distances from the cylinder is assumed parabolic (Fig. 1). 
That is, the velocities u' and v' in the x' and y' directions are given by the expressions, 
u' = U0 [1 + K (y ' /a)  2] 
and ~ Ix'l>>a. (1) 
v '=O 
In equation (1) above, K is a non-dimensional velocity curvature factor and U0 is the characteristic 
velocity. Note that when K = 0 the flow is uniform at infinity. 
It is well-known that by defining u' and v' in terms of a stream function qJ' as 
u' = (O~,'/Oy') and v' = - (O~k'/Ox'), (2) 
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the continuity equation 
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Fig. 1. Schematic ofa cylinder in a flow field. 
(Ou'/Ox') + (Ov' /Sy')  = 0 (3) 
is automatically satisfied. Accordingly, the vorticity equation in terms of ~b', viz. 
V2~ ' =/ ($ ' ) ,  (4) 
becomes the sole governing equation for the flow with appropriate boundary conditions. By 
non-dimensionalizing, 
~, = (¢ ' /Uoa)  
u =(u'/Uo) 
x = (x ' /a )  
y = (y ' /a )  (5) 
and 
r = (r ' /a),  
the governing differential equation (4) takes the form 
V2~ =f (~) .  (6) 
SMALL PERTURBATION APPROXIMATION 
We assume that the disturbances due to the body are small and are felt only in its neighbourhood, 
so the deflection of the streamlines can be taken as small. Thus, in terms of the undisturbed stream 
function ~0 and the perturbed stream function ~t, we may write 
~b = ~bo + ~',. (7) 
Since ~/]l = 0 at very large distances, obtaining the expression for the velocity u from equation (l) 
we can relate ~b0 and u as 
u = (a~0/ay)  = (1 + Ky2), Ix I>> 1. (8) 
The vorticity equation (6) can now be written as 
V2(~,0 + ~b,) =f(~o + ~l )- (9) 
Noting that 
V2~b0 =f(~0), (10) 
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equation (9) becomes 
V 2 ~b, =f(~k0 + ~O,) --f(~b0). (11) 
Expandingf(~b0 + @,) about qJ0 by means of the well known Taylor's theorem and neglecting terms 
of the order of qj2 and higher powers of ~kl, we rewrite equation (11) in the form 
V2~,, "-, [2k/(1 + Ky2)] ~b,. (12) 
Equation (12) is to be solved so that, along with the infinity condition of equation (8), the boundary 
of the body is treated as the stagnation stream line. That is, on the body, 
¢ = 00+ ¢, =0 
or  
~b, = -- ~bo = -- [y + (Ky3/3)]. (13) 
SOLUTION 
Nagamatsu [3] considers that K<< 1 and Ky2<< 1, so equation (12) simplifies to the well-known 
Laplace equation in @~. Solving this in closed form for the boundary conditions in equations (8) 
and (13), he obtains (in polar coordinates) 
~k, = - (I/r) [1 + (g/4)] sin 0 + (K /12r  3) sin 30. (14) 
Herein, by resorting to a numerical solution of equation (12) we include the entire r.h.s, term 
in the analysis. A sufficiently large concentric region enclosing the cylinder is examined by the FEM 
treating the flow beyond this boundary to be undisturbed. By considering domains of different sizes, 
a realistic numerical imit for the distance of this boundary is obtained. 
Finite element solution 
To solve equation (12) by this method the equivalent integral statement obtained through the 
use of the variational calculus [4], viz. 
rt = (1/2)~S{(0~, l/Sx) 2 + (3~t /Oy)  z + [2K/(1 + Ky2)] qJ ~}dx dy (15) 
is used. In the above, the functional n is required to be minimized over the entire domain for a 
solution. The integral is evaluated as a sum of integrals over each element in the domain. 
The domain for the present analysis has been divided into (i) linear quadrilaterals and 
(ii) quadratic quadrilaterals, as shown in Fig. 2. Standard finite element formulation [5] in 
conjunction with equation (15) is used and the values for qJ~ at the element nodes are obtained. 
The concentric region considered for the analysis is extended up to (i) 7, (ii) 15 and (iii) 25 times 
the cylinder radius beyond which the flow is considered undisturbed. The results obtained in these 
cases are presented in Figs 3-5 wherein the values of (-~O~) along the radial lines for 0 = 15 °, 45 ° 
and 90 ° are given in a graphical form. Two values for K have been considered, viz. 0.01 (small) 
and 0.15 (large). These plots include the corresponding results using Nagamatsu's [3] solution for 
comparison. Table 1 shows some typical numerical values for the perturbed stream function ( -  @l ) 
for the various cases. Figure 6 shows typical streamlines in a quadrant of the flow field. 
DISCUSSION 
In Table 1, for roo = 7, the perturbed stream function values obtained using both linear and 
quadratic quadrilateral finite elements are given. This is to indicate that the results are dependable. 
From the other results and the plots, it is seen that analysing by the FEM a domain about 15 times 
the radius of the cylinder one can get ~ values that are quite adequate. It appears that it is enough 
even if the domain is only about 7 times the radius of the cylinder to get reasonable values for ~k~. 
Regarding comparisons with the results of Ref. [3], one can see that, even for small values of K 
(= 0.01) the results from the present analysis are quite different, particularly at large distances from 
the cylinder. Further, our results for gq are considerably influenced by K. Also very interestingly, 
with increasing K, the values for the disturbed stream function diminish indicating that increased 
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Fig. 3. Disturbed stream function values by finite element (FE) schemes for 0 = 15 °. 
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Fig. 4. Disturt~l stream function values by finite clement (FE) schemes for 0 = 45 °. 
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Fig. 5. Disturbed stream function values by finite element (FE) schemes for 0 = 90 °. 
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Table 1. Values of the perturbed stream function (-gg) on the radial line 0 = 15 ° for different cases 
FEM, K=0.01 FEM, K=0.15 
Nagamatsu r~=7 r~=7 r~= 15 r~=25 Nagamatsu r~=7 r~=7 r~= 15 r~=25 
[3] L-elem Q-e lem Q-e lem Q-elem [31 L-elem Q-e lem Q-e lem Q-elem 
1.5 0.1728 0.1671 0.1653 0.1679 0.1682 0 .1764 0.1536 0.1517 0.1524 0.1525 
2.0 0.1297 0.1193 0.1178 0.1224 0.1229 0 .1322 0.0998 0.0983 0.0996 0.0997 
2.5 0.1037 0.0887 0.0884 0.0949 0.0958 0.1068 0.0684 0.0673 0.0692 0.0693 
3.0 0.0869 0.0691 0.0680 0.0764 0.0772 0 .0842 0.0485 0.0477 0.0501 0.0502 
5.0 0.0519 0.0240 0.0234 0.0388 0.0462 0.0586 0.0132 0.0120 0.0176 0.0178 
9.0 0.0288 0.0120 0.0162 0.0298 0.0039 0.0043 
12.0 0.0216 0.0052 0.0093 0.0224 0.0020 
15.0 0.0173 0.0055 0.0179 0.0011 
22.5 0.0115 0.0009 0.0119 0.0002 
L-elem = Linear quadrilateral elements; Q-elem = quadratic quadrilateral elements; r~ = the non-dimensional r dius beyond which ~k t is 
taken to be zero. 
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Fig. 6. Streamlines. 
flow curvature reduces the influence of the cylinder on the flow characteristics. Whereas, 
Nagamatsu [3] solution does not reveal this at all perhaps due to his having dropped the terms 
containing K in equation (12). 
REFERENCES 
1. J. D. Murray and A. R. Mitchell, Flow with variable shear past circular cylinders. Q.J. Mech. appl. Math. 10(1), 13-23 
(1957). 
2. E. E. Jones, The elliptic cylinder in a shear flow with hyperbolic velocity profile. Q. J. Mech appl. Math. 12(2), 191-210 
(1959). 
3. H. T. Nagamatsu, Circular cylinder and flat plate airfoil in a flow field with parabolic velocity distribution. J math. 
Phy. 30, 131-139 (1951). 
4. L. J. Segerlind, Applied Finite Element Analysis. Wiley, New York (1976). 
5. O. C. Zienkiewicz, The Finite Element Method in Engineering Science. McGraw-Hill, London (1971). 
